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Abstract 

The existence of a pullback attractor is established for the singularly perturbed FitzHugh- 
Nagumo system defined on the entire space M™ when external terms are unbounded in a phase 
space. The pullback asymptotic compactness of the system is proved by using uniform a priori 
estimates for far-field values of solutions. Although the limiting system has no global attractor, 
we show that the pullback attractors for the perturbed system with bounded external terms are 
uniformly bounded, and hence do not blow up as a small parameter approaches zero. 
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1 Introduction 



In this paper, we study the dynamical behavior of the non-autonomous FitzHugh-Nagumo equations 
defined on R n : 

du 

— - vAu + Xu + h(u) +v = f(t), (1.1) 

^-e(u- 7 v) = eg(t), (1.2) 

where v, A, e and 7 are positive constants, / and g are given functions depending on t, h is a 
nonlinear function satisfying a dissipative condition. 
'Supported in part by NSF grant DMS-0703521. 
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The FitzHugh-Nagumo equations describe the signal transmission across axons in neurobiology, 
see e.g., [3 [19, 32J and the references therein. The long time behavior of the autonomous FitzHugh- 
Nagumo equations was studied by several authors in [25l [271 [2H1 ISH E2] and the references therein. 
We here intend to investigate the dynamical behavior of the non- autonomous FitzHugh-Nagumo 
system. 

Global attractors for non-autonomous dynamical systems have been extensively studied in the 
literature, see, e.g., PQ IB1 HD1 [HI U21 US HS1 HS1 12H 1211 ISS 1331 EZ| - Particularly, 
when PDEs are defined in bounded domains, such attractors have been investigated in [U [T2l \13\ 
HH ESI EH [261 E§1 E7J- In the case of unbounded domains, global attractors for non- autonomous 
PDEs with almost periodic external terms have been examined in [H I3T1 133] . Notice that almost 
periodic external terms are bounded in a phase space with respect to time. It seems that attractors 
for non- autonomous PDEs defined on unbounded domains with unbounded external terms are not 
well understood. As far as we know, in this case, the existence of attractors was established only 
for the Navier-Stokes equation by the authors in |101 [TT] recently. In this paper, we will prove 
the existence of attractors for the non-autonomous FitzHugh-Nagumo system defined on the entire 
space W 1 with unbounded external terms. 

Notice that the domain R n for system (ll.ip -( [L2~j) is unbounded, and the unboundedness of R n 
introduces a major obstacle for examining the asymptotic compactness of solutions, since Sobolev 
embeddings are not compact in this case. The difficulty caused by non-compactness of embeddings 
can be overcome by the energy equation approach, which was introduced by Ball in [HE] and then 
used by several authors for autonomous equations in [20l [22], [301 EH EH] and for non-autonomous 
equations in [101 [TT1 13 lj . In this paper, we provide uniform estimates on the far field values of 
solutions to circumvent the difficulty caused by the unboundedness of the domain. This idea was 
developed in [38J to prove asymptotic compactness of solutions for autonomous parabolic equations 
on R n , and later extended to non-autonomous equations with almost periodic external terms in 
[H [33]. The contribution of this paper is to extend the method of using tail estimates to the case 
of non-autonomous PDEs defined on unbounded domains with unbounded external terms. 

We first prove that system (|l.lj) - (jl.2p on R™ has a pullback attractor when the parameter e is a 
small but positive number. Note that the limiting system with e = has no global attractor since 
v is conserved in this case. Based on this fact, one may guess that the attractors of the perturbed 
system blow up as e — > 0. In this respect, we will demonstrate that the limiting behavior of the 
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pullback attractors heavily depends on the behavior of the external terms / and g. If / or g is 
unbounded in a phase space, then it is very likely that the attractors blow up as e —* 0. However, 
if both / and g are bounded, the attractors are uniformly bounded in a phase with respect to all 
small but positive e. In other words, in this case, the pullback attractors do not blow up as e —* 0. 

The paper is organized as follows. In the next section, we recall fundamental concepts and results 
for pullback attractors for non- autonomous dynamical systems. In Section 3, we derive uniform 
estimates of solutions for the FitzHugh-Nagumo system for large space and time variables. Section 
4 is devoted to the proof of existence of a pullback attractor for the system. In the last section, we 
discuss the limiting behavior of pullback attractors when e — ► 0. Particularly, we will show that all 
attractors for the perturbed system are uniformly bounded in ff 1 (M n ) x H 1 (W n ) with respect to e 
when external terms are bounded. 

The following notations will be used throughout the paper. We denote by || • || and (•, •) the norm 
and the inner product in L 2 (M n ) and use || • [L to denote the norm in L p (R n ). Otherwise, the norm 
of a general Banach space X is written as || • ||x- The letters C and Cj (i = 1, 2, . . .) are generic 
positive constants which may change their values from line to line or even in the same line. 

2 Preliminaries 

In this section, we recall some basic concepts related to pullback attractors for non-autonomous 
dynamical systems. It is worth to notice that these concepts are quite similar to that of random 
attractors for stochastic systems. We refer the reader to [21 [6l [9j El [Til El El El ES] for more 
details. 

Let be a nonempty set and X a metric space with distance d(-, •). 

Definition 2.1. A family of mappings {9t}teR from to itself is called a family of shift operators 
on U if {9t}t£R satisfies the group properties: 

(i) Oquj = u>, Vwefi; 

(ii) 9t{0 T u) = t+T uj, Vuefi and t, r£l, 

Definition 2.2. Let {9t}teR be a family of shift operators on 0,. Then a continuous #-cocycle <f> 
on X is a mapping 

(f> : M + x ft x X —> X, (t,u,x) i— > <j)(t,u,x), 
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which satisfies, for all uo G ft and t, r G M + , 

(i) (f>(0,u>, •) is the identity on X; 

(ii) 4>{t + r, cj, •) = (j)(t, 6 t uj, •) o 0(r, cj, ■); 

(iii) w, •) : X — > X is continuous. 

Hereafter, we always assume that is a continuous #-cocycle on X, and P a collection of families 
of subsets of X: 

V = {D = {D(u)} ue n ■ D(u) C X for every uj G 0}. 

Definition 2.3. Let P be a collection of families of subsets of X. Then P is called inclusion-closed 
if D = {D(u)} ue n G P and D = {D{uj) C X : lj e ft} with D(u) C for all w G imply that 

Dev. 

Definition 2.4. Let P be a collection of families of subsets of X and {K(uj)}uen G P. Then 
{ET(a;)} a ; e n is called a pullback absorbing set for in D if for every B £ V and cj G f2, there exists 
t(u,B) > such that 

(f)(t, 0-tu, B(9-tu)) C for all t > 5). 

Definition 2.5. Let P be a collection of families of subsets of X. Then (p is said to be P-pullback 
asymptotically compact in X if for every wGfl, {0(in, Q-t n w, x n )}^ =1 has a convergent subsequence 
in X whenever i n — > oo, and x n G B(6_ tn u>) with {i?(o;)} a;g Q G P. 

Definition 2.6. Let P be a collection of families of subsets of X and {»4(cj)} wG n G P. Then 
{-4(w)} w en is called a P-pullback global attractor for (f> if the following conditions are satisfied, for 
every u G $7, 

(i) ^4(w) is compact; 

(ii) {-4(<^)}a; e n is invariant, that is, 

<f>(t,u,A(u)) = A(Ot<jj), Vt>0; 

(iii) {A(u))}uj£n attracts every set in P, that is, for every B = {B(uj)}uen G P, 

lim d(<^(i,6L t u;,£(6L t u;)),.4(u;)) = 0, 

where d is the Hausdorff semi-metric given by d(Y,Z) = sup^y inf ze z \\y — z\\x for any Y C X 
and Z CX. 
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The following existence result of a pullback global attractor for a continuous cocycle can be found 
in [21 El El EH ED M El Ell- 
Proposition 2.7. Let T> be an inclusion-closed collection of families of subsets of X and <p a 
continuous 9-cocycle on X. Suppose that {K {uj)} ^to. £ T> is a closed absorbing set for 4> in T> 
and <p is D-pullback asymptotically compact in X . Then (p has a unique T>-pullback global attractor 
{A(uj)}uj£q £ T> which is given by 

T>0 t>T 

3 Cocycle associated with the FitzHugh-Nagumo system 

In this section, we construct a #-cocycle for the non-autonomous FitzHugh-Nagumo system 
defined on R": for every r£l and t > r, 

du 

— - vAu + Xu + h(u) +v = f(t), (3.1) 
dv 

-^-e{u-jv) = eg(t), (3.2) 

with the initial data 

u(x, t) = u T (x), v(x, t) = v T (x), x £ R n , (3-3) 

where u, A, e and 7 are positive constants, / G L 2 oc (R, L 2 (R n )), g £ L 2 (R,H 1 (R n )), and h is a 
smooth nonlinear function that satisfies, for some positive constant C, 

h(s)s > 0, h(0) = 0, h'(s) >-C, s £ R, (3.4) 

and 

\h'(s)\ < C(l + \s\ r ), sel, (3.5) 
with r > for n < 2 and r < min(-, —^5) f° r > 3. 

By a standard method, it can be proved that if / G L 2 oc (R, L 2 (R n )), 5 G L 2 oc (R, ^(W 1 )) and 
P^|> - (P0]1 hold true, then problem (|3Tl>(p01) is well-posed in L 2 (R n ) xL 2 (R n ), that is, for every r G 
Rand (u T ,v T ) G L 2 (R n ) xL 2 (R n ), there exists a unique solution (u,«) G C{[t,oo), L 2 (R n )xL 2 (R n )). 
Further, the solution is continuous with respect to initial data (u T ,v T ) in L 2 (R n ) x L 2 (R"). To 
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construct a cocycle cj> for problem (|3.ip - (|3.3p . we denote by 0, = R, and define a shift operator 9 t 
on £1 for every t € R by 

t (r) =t + r, for all r£l. 
Let ^ be a mapping from R+ x x (L 2 (R n ) x L 2 (R n )) to L 2 (R n ) x L 2 (R n ) given by 

</>(t,T, (Ur,V T )) = (u(t + T,T,Ur),v(t+T,T,V T )), 

where i>0,T£R, (u T ,v T ) G L 2 (R n ) x L 2 (R n ), and is the solution of problem (pD ^ -tpD? ]) . By 

the uniqueness of solutions, we find that for every t, s > 0, r £ R and (u T ,v T ) £ L 2 (R n ) x L 2 (R n ), 

0(i + s, r, (« T , u T )) = (j)(t, s + t, (0(s, r, (« T , v T )))). 

Then we see that </> is a continuous ^-cocycle on L 2 (R ra ) x L 2 (R n ). In the next two sections, we will 
investigate the existence of a pullback attractor for <j). To this end, we need to define an appropriate 
collection of families of subsets of L 2 (R n ) x L 2 (R n ). 

For convenience, if E C L 2 (R n ) x L 2 (R n ), we denote by 

\\E\\ = sup ||x||i2(Rft)xL 2 (K")' 
iGE 

Let D = {D(t)} teR be a family of subsets of L 2 (R n ) x L 2 (R n ), i.e., D(t) C L 2 (R n ) x L 2 (R") for 
every t E R. In this paper, we are interested in a family D = {D(t)}t£W. satisfying 



lim e at \\D{t)f = 0, (3.6) 



a = -e 7 . (3.7) 



where a is a positive number given by 



We write the collection of all families satisfying (13. 6p as T> a , that is, 

V a = {D = {D(t)} tm : D satisfies <^M)}. (3.8) 
Since e is small in practice, we assume throughout this paper that 

e < eo where eo = min{l, — }. (3.9) 

7 

As we will see later, when we derive uniform estimates of solutions, we need the following conditions 
for the external terms: 

f T e^||/(£)|| 2 ^<oo, V r G R, (3.10) 

J — oo 
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and 



/ T e^|| 5 (£)||^<oo, VreR. (3.11) 

In addition, the following asymptotically null conditions are required for proving the asymptotic 
compactness of solutions: 

lim ( ( e^\f(x,C)\ 2 dxdC = 0, V r G R, (3.12) 

fc^oo J_ OQ J\ x \ >k 



and 

lim / 

l\x\ 



lim / I e^\g(x,O\ 2 dxdC = 0, Vr£t (3.13) 

;^ooJ_ OQ J\ x \ >k 



Notice that conditions (I3.10l )-( i3.13p do not require that / and g be bounded in L 2 (R n ) when 
t — > ±oo. Particularly, These assumptions have no any restriction on / and g when t — > +oo. As 
a typical example, for any fi G L 2 (R n ) and g\ G H 1 (M n ), the functions f{x,t) = e3°"l*l/ 1 (x) and 
g(x,t) = e*°Wgi(x) satisfy all conditions (ETTUD - d3TT3| ). In this case, / and g are indeed unbounded 
in L 2 (IR n ) as t -> ±oo. 

It is useful to note that conditions (|3.12j) - (|3.13p imply for every r G R and 7/ > 0, there is 
K = K(r,ri) > such that 

f / e^|/(x,C)| 2 ^<^, (3.14) 

J-oo J\x\>K 



and 



/ / e ui \g{x^)\ 2 dxd£<rie UT . (3.15) 

J-oo J|x|>_ftT 

We remark that (|3.14p and (|3.15p will play a crucial role when we derive uniform estimates on the 
tails of solutions in the next section. 



4 Uniform estimates of solutions 



In this section, we derive uniform estimates of solutions of problem (|3.ip - (|3.3p defined on R n when 
t — * oo. These estimates are necessary for proving the existence of a bounded pullback absorbing 
set and the pullback asymptotic compactness of the #-cocycle <f> associated with the system. In 
particular, we will show that the tails of the solutions, i.e., solutions evaluated at large values of 
\x\, are uniformly small when time is sufficiently large. 

We start with the estimates in L 2 (R") x L 2 (R n ). 
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Lemma 4.1. Suppose ([5^| - ([53|l and (f3A0|) - (I3TTTT) hold. Then for every r eRandD = {£)(i)} tgK G 
i/iere exists T = T(r, D) > suc/i f/mi /or all t >T, 



\\u(t, r-t, u (t - i))|| 2 + \\v(t, r-t, v (t - i))|| 2 < Me— / e< (||/(e)|| 2 + ||a(£)|| 2 ) 

and 

f e^[K^T-t ) «o(r-*))||| rl de<M ^ e^(||/(0|| 2 + ||^)H 2 )^ 

J T—t J— OO 

where M is a positive constant depending on the data (v, A, 6,7). 



Proof. Taking the inner product of (13. If) with eu in L 2 (K n ), we find that 

T^IMI 2 +e^||Vn|| 2 + eA||n|| 2 + ej h(u)u + ejuv = e J f(t)u. (4.1) 
Taking the inner product of (|3.2[) with v in L 2 (M n ), we find 

7^IM| 2 + e 7lM| 2 -e Juv = e j g(t)v. (4.2) 
It follows from ([13 ]) - (jO]) that 

^(e||n|| 2 + ||w|| 2 ) +e^||Vn|| 2 + eA||n|| 2 + e 7 ||t;|| 2 + e J h(u)u = e J f{t)u + e J g(t)v. (4.3) 
Note that the terms on the right-hand side of (|4,3p are bounded by 

|e J f(t)u\ < e\\f(t)\\\\u\\ < l -e\\\uf + ^||/|| 2 , (4.4) 



and 



|e I «,(t)t;| < e ||5(i)llll^ll < \h\\v\\ 2 + ^||«|| 2 . (4.5) 
By g^flM]) and ([33]), we obtain 



T + ( e IMI 2 + HI*) + 2e^||Vn|| 2 + eA||n|| 2 + e 7 |M| 2 < ^||/|| 2 + -\ 
at A 7 



and hence by (|3.7p and (|3.9p we have 

T + {4A 2 + hf) + 2a (e||u|| 2 + \\vf) + 2eH|Vn|| 2 < i||/|| 2 + -||a|| 2 . (4.6) 
dt A 7 

Multiplying (|4.6p by e at and then integrating between T — t and r with t > 0, we get, 

e||n(r, r-t, n (r - i))|| 2 + \\v(t, r-t, v (t - 



+a f T e ^-^ (\\u(^T-t,u (T-t))\\ 2 + \\v^,T-t,vo(T-t))\\ 2 )d^ 
Jr-t 

+2ev [ e a ^- T) \\Vu{£,T - t,u (T - t))\\ 2 d£ 

Jr-t 

< e -«r e *(r-t) (^(T-Of + IMr-tJH 3 ) 
+U~° T f T e^\\f(0\\ 2 dC + -e-° T [ T e<*\\g{Z)\\ 2 d£ 



A Jr-t 7 



T—t 



< e-T^T-t) ( e || Uo(r _ t) ||2 + | Mr _ t) ||2) 

+ f e^||/(e)f^ + -e— f e*\\g(£)\\ 2 dS- (4.7) 

" J—OO 7 J — oo 

Notice that (uo(r — t),vo(T — t)) £ D(t — t) and D = {D(t)}teR £ ^o-- We find that for every 
r£l, there exists T = T(r, D) such that for all t > T, 

(e\\n (r - t)\\ 2 + \\v (r - t)\\ 2 ) < \ f fJ*\\f{£)fd1- + - f e^\\g(0\M, 

^ J — oo 7 J—oo 

which along with (|4.7p shows that, for all t >T, 



e\\u(r,T - t,uo(r - t))\\ 2 + ||f (r,r - t,vo(r - 
+a f T e<^{\\ U ^,r-t, Uo (T-t))f + \\v(^r-t,v (T-t))\\ 2 )d^ 

Jr-t 

+2ev f e a ^\\Vu(C,T - t,u (T - t))\\ 2 dC 

Jr-t 

< e — f e ^|| /(0 ||2^ + 2 _1 f e^\\g(0\\ 2 ^) , (4.8) 



A 7-oo 7 

which completes the proof. □ 

We will need the following estimates when proving the asymptotic compactness of solutions, 
which can be derived in a similar manner as Lemma 14.11 

Lemma 4.2. Suppose (j.T4"|) - (pU)|) and (pO)j) - ([37LTj) hold. Then for every r £RandD = {D(t)} teR £ 
V> a , there exists T = T(r, D) > 1 such that for all t >T, 



e^ 



r-t, u (t - t))\\ 2 + \\v(t, r-t, v (t - t))\\ 2 ) di<M f e^ (||/(£)|| 2 + \W)t) 

J—oo 

f T e^\\Vu(t,T-t,u (T-t))\\ 2 dt<M [ T e^(||/(£)|| 2 + || 5 (£)|| 2 )^, 

J T— 1 J—OO 

where M is a positive constant depending on the data (f, A,e, 7). 



Proof. Note that (|4.6p implies that 

j t (4u\\ 2 + \\vf) + a {e\\uf + |M| 2 ) < i||/|| 2 + i|| 5 || 2 . (4.9) 

Multiplying (|4.9p by e CT * and integrating over (r — 1, r — t) with i > 1, by repeating the proof of 
(|4.8p we find that there exists T = T(r, -D) > 1 such that for all t >T, 



\\u(T-l,T-t, Uo (r-t))\\ 2 +\\v(T,T-t,vo(r-t))f<Me-^ / (||/(£)|| 2 + || 5 (0I| 2 ) (4-10) 

J — oo 

Multiplying (|4.6p by e CT * and then integrating over (r — 1, r), by (|4.10j) we get that, for all t>T, 
e aT (e\\u(r,T- i,u (r - t))\\ 2 + \\v(t,t - t,v (r - 



+a / e^(e\\u(Z,T-t,u (T-t))\\ 2 + \\v(t,T-t,v (T-t))\\ 2 )dZ 

Jt-1 

+2ev f T e^\\Vu(Z,T-t,u (.T-t))\\ 2 dZ 

Jt-1 

< e^" 1 ) (e||«(T - l,r - t,u {r - t))\\ 2 + \\v(t - 1,t - M (r - t))|| 2 ) 

+y f ^ii/(e)ii 2 ^ + £ f e^n 5 (e)ii 2 de. 

A /r-1 7 Jr-1 

<c T e°«(||/(OII 2 + llp(OII 2 )de. 

J — oo 

which completes the proof. □ 

Lemma 4.3. Suppose (jSTIft - lpD)]) and ([3TTUl) - (|3TTj) fto/d. Then for every t £RandD = {D(t)} tm 6 
i/iere exists T = T(r, D) > 1 suc/i i/iaf /or a// 1 >T, 



\\Vu(t, r-t, u (t - t))\\ 2 < Me— / e CT « (||/ (£)|| 2 + || 5 (£)|| 2 ) , 
where M is a positive constant depending on the data {y, A, 6,7). 

Proof. Taking the inner product of (13. 1|) with — Au in L 2 (M n ), we get 

: ||Vu|| 2 + ^||An|| 2 + A||V-u|| 2 = J h(u)Au + J vAu - J f(t)Au. (4.11) 
We now estimate the right-hand side of (|4.1ip . For the last term, we have 

/(t)Au| < [|/(t)||||A«[| < ^IIA^H 2 + l\\f(t)\\ 2 . (4.12) 
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ld_ 

2~dt ] 



For the second term on the right-hand side of (|4.1ip . we have the following bounds 

vAu\ < ||v||||Au|| < ^||An|| 2 + ^IM| 2 - (4.13) 

Note that by (|3.4p . the first term on the right-hand side of (|4.1ip is bounded by 

J h(u)Au = - j h'{u)\Vu\ 2 < C||Vu|| 2 , (4.14) 

where C is the constant in (|3.4p . Then it follows from (|4.1ip - (|4.14p that 

-^||Vu|| 2 + allVnll 2 < C||Vn|| 2 + -\\v\\ 2 + -||/(t)|| 2 . (4.15) 
at v v 

Multiplying (|4.15j) by e at and then integrating the resulting equality over (s, r) with r — 1 < s < r, 
we find that 

e° r \\Vu(T,T- t,u (T - t))\\ 2 < e^HV^s, r-t, u (t - < > <" 2 



+C f e^\\Vu(^T-t,u {r-t))\\ 2 di 

J s 

+~ f e^\\v(H,T-t,v (T-t))\\ 2 dZ+- f T e'HfiOfdt 

V J s V J s 



<e as \\V U (s,r-t,u (r-t))\\ 2 + C / e*\\Vu{Z, r - t, u (r - i))|| 2 d£ 

Jt-1 

+ - f e^\\v^,r-t,v (r-t))\\ 2 di+- f e^||/(OI| 2 ^. (4.16) 

V Jt-1 V 



>T-1 " J-oo 

We now integrate (j4.16H with respect to s over (r — l,r) to get 

e OT ||Vu(r,r-t,« (r-t))|| 2 
< e us \\Vu{s,T -t,n (r -t))fds + C e^\\Vu{^ r - t, u (t - t))\\ 2 d£ 

Jt-1 Jt-1 

+ - f e'*\\v(S,T-t,v (T-t))\\ 2 dt + - f T e^WmfdZ- (^) 

V Jt-1 v J-oo 

Then it follows from (|4.17p and Lemma 14.21 that there is T = T(t, D) > 1 such that for all t >T, 
e^\\V U (r,T-t,u Q (r-t))\\ 2 <C [ T (||/(£)|| 2 + \\g(Of) 

J — oo 

which completes the proof. □ 
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Note that Lemma 14.31 shows that system (|3.ip - (|3.2p has smoothing effect on the u components 
of solutions. However this is not true for the v components. In order to establish the uniform 
asymptotic compactness of v, we need to decompose v as a sum of two functions: one is regular in 
the sense it belongs to H 1 (W 1 ) and the other converges to zero as t — > oo. This splitting technique 
was used by several authors for the autonomous FitzHugh-Nagumo equations in bounded domains 
(see, for example [22] )■ We split v as v = v\ + v 2 where v\ is the solution of the initial value 
problem, for t > s with sGl, 

-^ + £7^1 = 0, vi(s) = v , (4.18) 

and v 2 is the solution of 

dv r > 

-^- + e~fv 2 -eu = eg{t), v 2 (s) = 0. (4.19) 

It is evident that v\ satisfies: 

||«i(r)|| = e-^-^Wv^s)^ for all r > s. 
Given r 6 M. and t > 0, set s = r — t. Then we get that 

|h(r)|| =e-^e^-*)||^(r-t)||, (4.20) 
which implies that v\ converges to zero when t — > oo. Next, we derive uniform estimates for v 2 in 

Lemma 4.4. Suppose §3J$-$SM and <!3TT0|> - (l3JT|) hold. Then for every r G R and D = {D(t)} teR G 
T> a , there exists T = T(r, D) > such that for all t >T, 



\\Vv 2 (t,t - t, 0)|| 2 < Me— / e^ [\\f(0\\ 2 + \\g(0\\m) ^, 
where M is a positive constant depending on the data (u,X,e,'y). 

Proof. Taking the inner product of (|4.19j) with — Av 2 in L 2 (M n ), we obtain that 

■||Vt; 2 || 2 + 2e7||Vt»2|| 2 = 2e(Vt;2,Vu)-2e J g(t)Av 2 dx. (4.21) 
The first term on the right-hand side of (|4.2ip is bounded by 



d_ 

dt' 



\2e(Vv 2 ,Vu)\ < 2e||Vu 2 ||||Vu|| < ^tIIV^II 2 + — ||Vu|| 2 . (4.22) 

4 7 
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For the second term on the right-hand side of (|4.2ip we have 

|2e J g(t)Av 2 dx\ < ^e 7 ||V ? ; 2 || 2 + ^||V 5 || 2 . (4.23) 

Then it follows from KTDi - KZty that 

^-\\Vv 2 \\ 2 + a\\Vv 2 \\ 2 < -||Vu|| 2 + -||V 5 || 2 . (4.24) 
at 7 7 

Multiplying (|4.24p by e , and then integrating the resulting inequality over (r, r — t) with t > 0, 
we obtain that 

e CTT ||V^(r,r-t,0)|| 2 <- f e^\\Vu^,r - t, u (r - i))|| 2 ^ + - f e^\\Vg(0\\ 2 d^, 

7 Jr-t 7 Jr-t 

which along with Lemma |4 . 1 1 shows that there is T = T(t, D) > such that for all t > T, 
e^\\Vv 2 (r,r-t,0)\\ 2 <C [ T e"*(||/(0|| a + ||V 5 (e)|| 2 )^. 



The proof is completed. □ 

Next, we establish uniform estimates on the tails of solutions when t — > oo. We show that the 
tails of solutions are uniformly small for large space and time variables. These uniform estimates 
are crucial for proving the pullback asymptotic compactness of the cocycle 4>. 

Lemma 4.5. Suppose (|3~3 ]) -(|3"3 ]) and (f3TT0]) - ([3T3]) hold. Then for every rj > 0, r G E and 

D = {D(t)}teR £ T> a , there exists T = T(t, D,r]) > and K = K(t, rj) > such that for all t >T 
and k > K , 

I (\u(x, T,T-t, Uq(t - t))\ 2 + \v(x, T,T-t, Vq(t - t))\ 2 ) dx < 1], 

J\x\>k 

where (uq(t — t),vo(r — t)) £ D(r — t); K(t, 77) depends on r, r\ and the data (v, A, e, 7); T(r, D, rj) 
depends on t, D, r] and the data (y, A,e, 7) 

Proof. We use a cut-off technique to establish the estimates on the tails of solutions. Let 9 be a 
smooth function satisfying < 9{s) < 1 for s G M + , and 

9(s) = for < s < 1; 9(s) = 1 for s > 2. 
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Then there exists a constant C such that |0'(s)| < C for s G M + . Taking the inner product of (|3.1j] 
with e6>(Jjf )« in L 2 (M n ), we get 

1 d f „A 



J 6(^)h{u)u - e J 9()^-)uv + e J fl(^)u/(t). (4.25) 



Taking the inner product of ([3T2j) with 0(^jjr)u in L 2 (M n ), we find 

Irl T lo^l^ /* I o™ I ^ /* I P I ™ | 2 

la / rt f i 1 x i 1 2 / /l / I I \ i 1 2 * n * ' ' s / n/ |x 



2 (// / 9 ^)\ v \ +nj 0(^)K = * J 0(^)uv + e J 9{^)vg{t). (4.26) 
Summing up (|4.25p and (|4.26j) . by (pT4"|) we obtain that 

^ ^ J e (^) uAu + e / ^)uf(t) + e / ^)vg{t). (4.27) 
We now estimate the right-hand side of (14. 27ft . For the second term we have 



Ixl 2 , „, , f „,\x\ 2 



K J\x\>k K 



1 - f o2/W m ,2 . e 



2 J\x\>k fc 2A J|x|>fc 

^ eA / 6 ^\ u \ 2 + -k I l/(^*)l 2 - ( 4 - 28 ) 

Similarly, for the last term on the right-hand side of (|4,27[) . we find that 

6 / < \*1 [ ) \v? + y f \9(x,t)\ 2 dx. (4.29) 

On the other hand, for the first term on the right-hand side of (|4.27p . by integration by parts, we 
have 



P It 1 ! P I i*I P I *t* I 9t 



W (T2-)(T2- V ^<^r / hliv^l <^7r(||u|| 2 + ||v u || 2 ), (4.30) 

./fc<| a; |<v / 2fc fc fe fe Jk<\x\<V2k 2k 



where M is independent of e and fc. By (|4T27|) and (|4T28|) - (|4T30j) . we find that 

12 /• Ul2 



/ e(Jg-) ( eH 2 + H 2 ) + a / 9(\±) (e\u\ 2 + H 2 ) 
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6 f ' " ■-'-> < 6 f ' ' -12 j , eM /n l|2 , IIV7 M 2 A 



<-/ \f(x,t)\ 2 dx + - \g(x,t)\'dx + —(\\u\\ z + \\Vu\\ 2 ). (4.31) 

A J|a;|>fc 7 J\x\>k k 

Multiplying (|4.3ip by e at and then integrating over (r — t, r) with t > 0, we get that 
^~p~) ( e K x > r > r ~ *> n o(^ - 0)| 2 + K^, r > r - *> v o(t - i))| 2 ) 
<e- OT e^" 4 ) y 6(^){e\ Uo (x,T-t)\ 2 + \v (x,T-t)\ 2 ) dx 
+ T e " ffT T / e^\f(x,0\ 2 dxdt + -e-° T [ T [ e*\g(x,0\ 2 dxdt 

A Jr-tJ|i|>A: 7 JT-tJ\x\>k 

+e ~T e ~ aT [_ ^ (IKe ' r " *' Mo(r " t))l12 + l|v ^' r " *' Uo(r " t))l12 ) ^ 

+\ e ~ aT f I er*\f(x,0\ 2 dxdt + -e- aT T [ e*t\g(x,0\ 2 dxdti 

A J-ooJ\x\>k 7 J-ooJ|s|>fc 

+ |" e°* (||u(£, r - t, u (r - t))\\ 2 + ||Vu(£, r - t, u (t - t))\\ 2 ) d£. (4.32) 

Note that for given rj > 0, there is T\ = T\(t, D,i]) > such that for all t > Ti, 

e — eff (r-t) ( £ || no(r _ t) ||2 + | Mr _ t) ||2) < ^ (433) 

On the other hand, by (|3.14p - (l3.15p we find that there is K\ = Ki{r,rj) > such that for all 
k > K u 



A 



I' [ e<X\f{x,S)\ 2 dxd£ + -e- aT r [ e*\g(x, 0\ 2 dxd^ < ( \ + -) e V . (4.34) 

J-ooJ\x\>k 7 J-ooJ\x\>k \ A 7/ 



For the last term on the right-hand side of (|4.32|) , it follows from Lemma 14.11 that there is T 2 
T 2 (t, D)>0 such that for all t > T 2 , 



eM 



e 

T-t 



(K£,r - t,u (r - t))\\ 2 + \\Vu(£,T - t,u (r - t))\\ 2 ) d£ 

ec r 



e-[\\f(0f + \\9(0\\ 2 )dC- 

— oo 



A: 

Therefore, there is K 2 = K 2 (t, rj) > such that for all k > K 2 and t >T 2 , 



eM 



r-t, u (t - t))\\ 2 + || Vn(e, r - t, u (r - t))f) <% < r). (4.35) 

T-t 
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Let K = max{Ki, K2} and T = max{Ti,T2}. Then by (|4.32p - (|4.35p we find that there exists a 
positive constant C\ (independent of rj) such that for all k > K and t >T, 

6*(-p-) (e\u(x, T,r — t, u (t - t))\ 2 + \v(x, t,t — t, v (t - t))\ 2 ) dx < C±7], 

and hence for all k > K and t > T, 

(e\u(x, t,t — t, uq{t — t))\ 2 + \v(x, t,t — t, vq{t — i))| 2 ) dx 

\x\>V2k 
f \ x \ 2 

< / O(j^) (e\u(x,T,T -t,U (T -t))\ 2 + \v(x,T,T -t,V (T - t))\ 2 ) dx < ClT], 

which completes the proof. □ 

5 Existence of pullback attractors 

In this section, we prove, by Proposition 12.71 the existence of a Po-pullback global attractor for 
the non-autonomous FitzHugh-Nagumo equations on R n . To this end, we need to establish the 
P CT -pullback asymptotic compactness of (ft, which is stated as follows. 

Lemma 5.1. Suppose (|3.4p - (j3.5p and ()3.1Qj) - (|3.13j) hold. Then (ft is T> a -pullback asymptotically 
compact in L 2 (K n ) x L 2 (K n ), that is, for every r G R, D = {D(t)}teM S V a , and t n — ► 00, 
n;^o,n) £ D(t in) 7 the sequence (ft(t n ,T t n , {uq jTI , t>o,n)) has a convergent subsequence in 
L 2 (R n ) x L 2 (R n ). 

Proof. Given s E R, t > and (u , v ) 6 L 2 (M. n ) x L 2 (R n ), define 

(f>i(t, s, (u ,v )) = (0,v 1 (t + s,s,v )) and (ft 2 {t, s, (u , v )) = (u(t + s, s, u ), v 2 (t + s, s, 0)), 

where v± and V2 are solutions to (|4.18p and (|4.19p . respectively, and (u,v) with v = v\ + V2 is the 
solution of problem (|3.ip - (|3.3p . It is clear that 



(f>(t,s,(u ,v )) = (f>i(t,s, {u ,v )) +(f>2(t,s,(u ,v )), 

and hence 

(j)(t n ,r- t n , (u )) = (ftl(t n ,T - t n , (u Q )) + h(tn,r- t n , (no )). (5.1) 



16 



By (QUI) we get that 

\\Mtn,r - t n ,(uo,n,v ,n))\\ = e-^e^-^Wvoir - t n )\\ ^ as n - oo. (5.2) 

Form (|5.ip - (|5.2p it follows that the sequence 4>(t n ,T — t n , (tio,n> ^o,n)) will have a convergent subse- 
quence in L 2 (M n ) x L 2 (M. n ) as long as 4>2(t n , r — t n , (iio,n> ^o,n)) is precompact. Next we use the uni- 
form estimates on the tails of solutions to establish the precompactness of (f>2(t n , T ~ t n , (uo ;n , v o,n)) 
in L 2 (M n ) xi 2 (K n ), that is, we will prove that for every r] > 0, the sequence 4>2(t n ,T—t n , (uo, n , vo,n)) 
has a finite covering of balls of radii less than rj. Given K > 0, denote by 

= {x ■ \x\ < K} and £l c K = {x : \x\ > K}. 

Then by Lemma 14.51 given r\ > 0, there exist K = K(r,i]) > and T = T(t,D,t]) > such that 
for t > T, 

Tj 

U(t,T-t, {U0\T -t),V {T -t)))\\ L 2 {n c K)xL 2^ u y < -. 

Since t n — > oo, there is N = N(r,D,r]) > such that t n > T for all n > N, and hence we obtain 
that, for all n > N, 

\\<f){t n ,T -t n , («0,n,«0 ) n))||La(n| r )xi2(n^) < g- ( 5 - 3 ) 
It follows from ([5TT]) - (T573]) that there is Aq = iVi(r, D, rj) such that for all n > Aq, 

7] 

\\^2{tn,T ~ t n , (uo,n,Vo,n))\\L^{n c K )xL2{n c K ) < J- (5-4) 

On the other hand, by Lemmas 14.31 and 14.41 there exist C = C(r,D) > and iV^r, D) > such 
that for all n > N2, 

\\Mtn,T - t n , (u ,n,vo,n))\\Hi(n K )xm{n K ) < C. (5.5) 

By the compactness of embedding H {0.%) L 2 (Qk), the sequence <j)2(t n ,T — t n , (uo )Tl ,uo,n)) is 
precompact in L 2 (Qk) x L 2 (S7r-). Therefore, for the given 77 > 0, <p2(t n ,T — t n , {uo, n , v 0,n)) has a 
finite covering in L 2 (Qk) x L 2 (Qk) of balls of radii less than 77/4, which along with (j5.4j) shows 
that <j)2{t n , t — t n , (fXo,n, u o,n)) has a finite covering in L 2 (R n ) x L 2 (M n ) of balls of radii less than 77, 
and thus </> 2 (i n , t -t n , (u 0[ 

n,vo : n)) is precompact in Z/ 2 (M n ) x L 2 (M. n ). The proof is completed. IZ1 

We are now ready to prove the existence of a pullback attractor for the #-cocycle <f>. 

Theorem 5.2. Suppose ([3T^]) - (f375|) and (f57TU]> - ([57TH|) ZioZd TTiera problem (JSHJ) - (JSI3D ^as a unigite 
T> a -pullback global attractor {^4(r)} TeR m L 2 (M n ) x L 2 (M"). 
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Proof. For r£l, denote by 

B(r) = {(u,v)GL 2 (R n )xL\W l ): \\u\\ 2 + \\v\\ 2 < Me"" f e^(||/(£)|| 2 + 1 1 ^(C) 1 1 2 )^} , 

J — oo 

where M is the constant in Lemma [4.1i Note that B = {i?(r)} Tg K £ is a Do-pullback absorbing 
for in L 2 (R n ) x L 2 {R n ) by Lemma 14.11 On the other hand, cf> is Po-pullback asymptotically 
compact by Lemma 15.11 Thus the existence of a P CT -pullback global attractor for <p follows from 
Proposition 12.71 immediately. □ 

6 Uniform bounds of attractors in e 

In this section, we investigate the limiting behavior of the random attractor {A(t)} t ^ for problem 
(|3.ip - (]3.3p when the small parameter e — ► 0. To indicate the fact that the random attractor depends 
on e, hereafter we write the random attractor as {A e (r)} T £u instead of {A(t)} t ^. Note that when 
e = 0, (|3.2p reduces to 4r = 0, and hence v is conserved in this case. This shows that the limiting 
system with e = has no global attractor in L 2 (R n ) x L 2 (W n ). Based on this fact, one may guess 
that the random attractor {A e (r)} re ^i blows up as e — ► 0. In this respect, we will show that the 
limiting behavior of {^4 e (r)} re K heavily depends on the behavior of the external terms / and g. If 
/ or g is unbounded with respect to time in L 2 (R n ), then it is very likely that {A € (t)} T £m. blows 
up. However, if both / and g are bounded, A £ (t) are uniformly bounded in L 2 {W l ) x L 2 (M n ) with 
respect to e, that is {A 6 (t)} t ^m. does not blow up in this case. 

It follows from (I4.8p that for every there is T = T(r) > such that for every t >T and 

(no, «b) eA e (r-t), 

\\v(t,t- t,v (r - t))\\ 2 < e— (j J* e^||/(6l| 2 ^ + * f ^\W)t^) » 
which implies that, for r = 0, t > T and (uq,vq) £ A e (—t), 

\\v(0,-t,v (-t))\\ 2 < y f e°t\\fm 2 dd+- f e^\\g{0\\ 2 ^. (6.1) 

^ J — oo 1 J — oo 

Next we illustrate that the right-hand side of (|6.ip is unbounded as e — > if / or g is unbounded 
in L 2 (R n ). To this end, we take 

f(x,t) = y/\t\fi(x) and g(x, t) = y/\t\ gi(x), x G M. n , teR, (6.2) 
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where f\ and g± are given in L 2 (M n ). It is clear that / and g are unbounded in L 2 (M n ) as t — ► ±00. 
In this case, the right-hand side of (|6.1|) is given by 



2e 






J —oo 










2e 









2e 

7 

rl) n „ ,0 



/•u Of H 

/ e (T ^--||5i|| 2 / e CT ^ 

J — oo 1 J —oo 

|2\ o / II f ||2 ||„ 1 1 2 



7 2 A A 



+ n^) ~ (n^+u*^,. (6 . 3) 



By ([63 ]) -([63 |l we get that, for t > T and (u ,v ) G -4 e (-t), 

||t,(0, -Mo(-0)|| 2 < ^ + ^) • (6.4) 

Note that the invariance of {*4 e (r)} re R implies that 

</>(t, -t, A € (-t)) = A e (0), V t > 0. (6.5) 

Let (u,v) be an arbitrary element in -4. e (0) and t n — > oo. Then it follows from (|6.5p that for every 
n > 1, there exists («o,nj ^0,n) G •^■ <E ( — *n) such that 

0(*n, -*n> («0,n, ^0,n)) = («) «), 

which implies that 

(u(0, -t n ,uo n ),v(0,-t n ,v 0) n)) = (u,v), V n > 1. (6.6) 



Since i n — > oo, there is > such that t n > T for all n > N, and hence by (|6.4p and (16.60 we 
have, for all n > N, 

\\vf = |K0, -t„,^n)|| 2 < 4- f ^f- + —) ■ (6-7) 

Since the right-hand side of (|6.7p approaches infinity as e — > and (u, v) is an arbitrary point in 
A e (0), we find that the upper bound for v components of ^4 e (0) becomes unbounded as e — > 0. 
This shows that it is very likely that A € (0) blows up as e — > for such unbounded / and g given in 
(|6.2p . Now the question is what happens if / and g are bounded in L 2 (R n ). As we will see later, 
in this case, we can show that the right-hand side of (|6.ip is uniformly bounded in e, and hence 
the random attr actor does not blows up. To prove this result, we need the uniform estimates of 
solutions with respect to e. 
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In this section, we agree that K{ (i £ N) are any positive constants which depend only on the 
data (u, A, 7), but not on e; while Cj (i G N) are any positive constants which may depend on the 
parameters e, v, A and 7. 

Lemma 6.1. Suppose f £ L°°(R, L 2 (R n )), g G L°°(R, i7 1 (E n )) and d33D - d33]) /io/d. Then for 
every D = {D(t)}t£R G ^o-j t G M and i > 0, i/ie following holds for all £ > r — t, 

r - t, v (t - t))f < e^e^-V (|| Uo ( T _ *)f + \\ Vq{t _ i} f ) + K , 

and 

e^\\Vu(Z,T- t, u (r - t))\\ 2 d£ < {\\u (r - t)\\ 2 + \\v (r - t)\\ 2 ) + KeT, 

where K is a positive constant depending on the data (V, A, 7), but not on e or r. 



Proof. Since / and g are bounded in L 2 (R n ) and F 1 (R ri ), respectively, by flM]) we have 

(e||n|| 2 + |H| 2 ) + a (e\\u\\ 2 + \\v\\ 2 ) + 2ei/||Vn|| 2 < K x e. 
Multiplying the above by e at and then integrating the resulting inequality over (r — t, £), we get 

(e\\u(£, r-t, u (r - t))\\ 2 + r - t, v (t - t))f) 

+2ev / f e as \\Vu(s,T - t,u (T - t))\\ 2 ds 

Jr-t 

< e'W (e||«o(r - t)|| 2 + ||«o(r - i)|| 2 ) + tfie / e as ds 

Jr-t 

< e^"*) (||n (r - t)\\ 2 + || Uo (r - t)|| 2 ) + / e<"d S 



< e< T ~^ (||«o(t - t)|| 2 + |Mr - t)|| 2 ) + ^V*. (6.8) 
Note that cr = hey. Then it follows from (16, 8h that 

K£,T-Mo(T-i))|| 2 + 2ej/ e -^ / ? e <TS ||Vn(s, r - t, u (r - t))|| 2 ds 

ir-t 

< e -^ e a(r-t) (|| Uo(r _ t) ||2 + || Vo(r _ t)] |2) + ^ . { q Q) 
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Particularly, if £ = r, by (|6.9p we get that 

ee-° T [ T e^||Vn(e,T-t,n (r-t))|| 2 ^ 

Jr-t 

< i. e -«T ^H) (|| no(r _ *)f + | Mr _ + ^ 

which along with (|6.9p completes the proof. □ 

Lemma 6.2. Suppose f G L°°(R, L 2 (R n )) ; 5 G X °(M,fl' 1 (M n )) and (p£I|) - (|3"3j) hold. Then for 
every D = {D(t)}t^m S £> CT > r£l and t > 0, we have 

\\u(T,T-t, Uo (r-t))\\ 2 + 2ue- XT f T e x mVu(^T-t, Uo (r-t))\\ 2 d^ 

Jr-t 

< Ce~^e^-t) (| Mr _ t) \\2 + | Mr _ t) || 2) + ^ 

where K is a positive constant depending on the data (v, A, 7), but not on e or 77 tu/iiie C depends 
on the data (u, A, 7) as iweZZ as e, but not on r. 

Proof. Taking the inner product of (|3,ip with n in L 2 (R n ), we get that 

\j t \H\ 2 + u\\Vu\\ 2 + \\\u\\ 2 + (/»(«),«) = -(u,v) + (/(*),«). (6.10) 

Note that the right-hand side of (|6.10p is bounded by 

HIH + ||/(t)||||«[| < ^A||u|| 2 + i|M| 2 + \\\f(t)\\ 2 . (6.11) 

By (j6TT0]) - ([6TTTT) and ([33]), we obtain that, 

±\\u\\ 2 + 2^|Vn|| 2 + A||n|| 2 < j\\v\\ 2 + j\\f(t)\\ 2 - (6.12) 

Multiplying (|6.12p by e A< and then integrating the resulting inequality over (r — t, t) with t > 0, 
we obtain that 

||u(T,r-t,no(r-t))|| 2 + 2^e- Ar T e A «|| Vu(£, r - t, u (r - t))\\ 2 d£ 

Jr-t 

< e-^H-uoC-r - i)|| 2 + |e- A - e A «|b(e, ^ - t, ^o(^ - *))|| 2 ^ + |e- A - ^ e A ? || /(^) || 2 ^. (6.13) 
Note that / G L°° (R, L 2 (R n )). By <j7TT3|> and Lemma Owe find that 

h(T,r-t,n (r-t))|| 2 + 2 I ,e- AT f e A «|| Vu(£, r - t, u (r - t))\\ 2 d£ 

Jr-t 
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<e- xt \\u (T-t)\\ 2 + K ie - XT [ T e A ^ 

Jr-t 

+^ 2 e- A ^- t )(||no(r-t)|| 2 + || Wo (r-t)|| 2 ) f e^M- 



< e~ xt \\u (r - t)\\ 2 + K 3 + T^-e~ rt (||n (r - t)f + K(r - t)\\ 2 ) . 

A — O 

Note that A > a. Then it follows from the above that 

\\u(t, T-t, u (t - t))\\ 2 + 2ue~ Xr [ e A «|| Vu(£, r-t, u {r - t))fd( 

J T-t 

<K 3 + (1 + ^)e" CTt (||uo(r - t)f + \\v (r - t)\\ 2 ) , (6.14) 
which completes the proof. □ 

Lemma 6.3. Suppose f G L°°(M, L 2 (R n )), g G L°° (R, H 1 (M. n )) and (|3T4>(|33|) ftoW. Then for 
every D = {D(t)} t £R G ^o-; t G M and t > 1, we /iaue 



Ar / e A « ||Vu(£, r-t, u (t - t))\\ 2 d£ < Ce-^ e °{T-t) ^ Uq{t _ ^ + ^ _ ^2) + ^ 



'r-l 

where K is a positive constant depending on the data (v, A, 7), 6wi noi on e or r; w/iz/e C depends 
on the data (u, A, 7) as well as e, but not on r. 

Proof. By (^T2j) we find that 

j t \\n\\ 2 + X\\u\\ 2 <l M 2 + l\\f(t)\\ 2 . (6.15) 
Using / G L°°(M, L 2 (R n )) and repeating the proof of (|6.14p we can get from (|6.15p that 

Mr -l,r-t, u (r - t))\\ 2 < de'^e^-t) (\\u (r - t)\\ 2 + \\v (r - t)\\ 2 ) + K x . (6.16) 
Integrating f)6. 12|) over (r — 1, r), by Lemma 16. II we have 

e XT \\u(T,T-t,u (T-t))\\ 2 + 2is f T e x ^\\Vu^,T-t,u (r-t))\\ 2 d^ 

Jt-1 

< e A{r - 1) ||u(r- l,T-t,u (T ^" 2 

2 



A 



e x t\\v(Z,T-t,vo(T-t))\\ 2 dt+ / e^||/(Of^ 

r-l Jt-1 

< e A(r-l)|| u(r _ 1)T _^ Uo(r _ t)) ||2 
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+ie^-*) (||«o(r - i)|| 2 + K(t - t)|| 2 ) f i e&-°M + K * [ Y e ^ 

< e A(r-l)|| u(T _ 1)T _ t;Mo(r _ t)) ||2 

+ A(A^) eAT ^ (IK(T ~ ^ + lbo(T " * )l|2) + T^' 
which along with (|6.16|) implies that 

e XT \\ U (T,T-t,u (r-t))\\ 2 + 2u [ T e x Z\\Vu(ti,T-t, Uo (T-t))\\ 2 dZ 

Jt-1 

< C 2 e XT -^ (||u (r - i)|| 2 + \\v (r - t)\\ 2 ) + K 3 e XT . 
Then Lemma 16.31 follows from the above immediately. □ 



Next, we derive uniform estimates in e for the u components of the solutions of problem (|3.ip - (l3.3p 
in iJ 1 (M n ). 

Lemma 6.4. Suppose f G L°°(R, L 2 (R n )), g G £°°(K,fl' 1 (K n )) and (f3T4 >(j3"3|) ftota. Then for 
every D = {D(t)} t £m. G £>o-; t G E and t > 1, we have 

\\Vu(t,t- t,«o(r - t))|| 2 < Ce-^e^ (||n (r - t)|| 2 + \\v (r - t)\\ 2 ) + if, 

where K is a positive constant depending on the data (u, A, 7), frni ncd on e or r; wWe C depends 
on the data (u, A, 7) and e, on£ no£ on r. 

Proof. Note that (|4.15h implies that 

4l|Vn|| 2 <^||Vn|| 2 + ^||,|| 2 + -||/(t)|| 2 . 
dt v v 

Since / G L°°(M, L 2 (R n )) we get that 

-^||Vn|| 2 + A||Vn|| 2 < (A + ifi)||Vn|| 2 + -||n|| 2 + K 2 . (6.17) 

Multiplying (|6.17p by e xt and then integrating the resulting inequality over (s, r) with s G (r — 1, r), 
we find that for all t > 1, 

e Ar ||Vn(r,r - t,n (r - t))|| 2 < e Xs \\Vu(s,T - t,u (r - 

+(A + K X ) f T e A «|| Vn(£, r-t, u (r - t))\\ 2 d£ 

J s 
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+~ I e x Z\\v{tT-t,v (T-t))\\ 2 d£ + K 2 [ e A? d£ 

v J s J s 

<e Xs \\Vu(s,T-t,u (T-t))\\ 2 + (X + K 1 ) [ T e^\\Vu(tr-t,u (i 

Jt-1 



2 di 



+ - f T e x Hv^r-t,v (r-t))\\ 2 dC+^e XT . (6.18) 

v Jt-1 A 



We now integrate (|6.18p with respect to s on (r — 1, r) to get 



e XT \\Vu(T,T-t,u (T-t))\\ 2 < / e As ||V«( S ,r-t,u (r-t))|| 2 d S 

Jt-1 



+(A + #i) ( e x t\\Vu(Z,T-t, 

Jt-1 



U0 (T-t))\\ 2 dt 



+ - [ T e^MCT-t^oir-mfdZ+^e^. (6.19) 
By Lemma |6.3| the first two terms on the right-hand side of (|6.19p satisfy 



e As ||Vu( S , r - t, u (r - t))\\ 2 ds + (A + K x ) / e A * ||Vu(& r - t, u (r - t))\\^ 

r-l Jt-1 

< C x e x ^ at (||n (r - t)|| 2 + ||«o(r - t)|| 2 ) + K 3 e x \ (6.20) 
On the other hand, by Lemma |6.1| for the third term on the right-hand side of (|6,19p we have 

e x t\\v(Z,T-t,vo(T-t))\\ 2 dli 



T-l 



< V^dltioCr-tJf + KCr-t)!! 2 ) f e x ~^di + -K 4 f T e A ^£ 

^ /r-1 " /r-l 

Then it follows from (|6TT9l) - ([6T2Tj) that 

e A H|Vn(r,r - t, u (r - i))|| 2 < C 2 e A ^ (||«o(r - t)|| 2 + \\v (r - t)\\ 2 ) + K,e x \ 
which completes the proof. □ 

The following result is concerned with the uniform estimates in e for solutions of problem (|4.19p . 
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Lemma 6.5. Suppose f G L°° (R, L 2 (R n )) , g G L°° (R, H 1 (R n )) and h old. Then for 

every D = {D(t)} t ^R G V a , r£l and t > 1, we have 

\\Vv 2 (t,t- t,0)f < Ce-^T-*) (|Mr - t)|| 2 + ||«d(t - t)|| 2 ) + K, 

where K is a positive constant depending on the data {y, A, 7), but not on e or r; while C depends 
on the data (u, A, 7) and e, but not on r. 

Proof. By g G L°°(R, iJ^R")) and (g^H) we get that 

4l|Vn 2 || 2 + o-||Vn 2 || 2 < -||Vn|| 2 + eK x . (6.22) 
at 7 

Multiplying (|6.22p by e at and then integrating the resulting inequality over (r — i, t), we obtain 
that 

e CTT ||V^(r,r-t,0)|| 2 < - f e^[|V«K,r - Mo(r - t))fd£ + f e°*d£. 

7 Jr-t Jr-t 

Note that o~ = ^7. Then by Lemma 16. II we find that 

e ffT ||Vt; 2 (T,r - i,0)|| 2 < C x e°^-t) (|| no ( r _ t )f + | Mr _ t )||2) + 
which completes the proof. □ 

As an immediate consequence of (|4.20p and Lemmas 16.14 16. 2\ 16.41 and 16.51 we have the following 
uniform estimates. 

Corollary 6.6. Suppose f G L°° (R, L 2 (R n )) , g G L°° (R, H 1 (R n )) and hold. Then for 

every D = {D(t)} t £m. G T> a , r£l and i > 1, we have 

\\u(t, r-t, u (r - t))f Hl + \\v 2 (r, r-t, 0)\\ 2 Hl < Ce~° T e°^ (||n (r - t)|| 2 + \\v (t - t)\\ 2 ) + K, 

where K is a positive constant depending on the data (1/, A, 7), but not on e or 77 tu/iiie C depends 
on the data (u, A, 7) and e, oni no£ on r. 

We are now ready to show that the union of the random attractor {A € (t)} t ^ is bounded in 
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Theorem 6.7. Suppose f G L°° (R, L 2 (W 1 )) , g G L°° (R, H 1 (W 1 )) and QTty -fil fy /ioW. Le* e < 
min{l, -} be a fixed positive number. Then the set [j [j A e (r) is bounded in H 1 (R n ) x H 1 (R n ). 

More precisely, there exists a constant K , depending only on the data (v, A, 7) but not on e, such 
that for every r G R, e with < e < e and (u e,T ,v e,T ) G A e (r), 

IK'Ihuk™) + 1 1 vC,T 1 1 i? 1 (r^) - K - 

Proof. For fixed e > 0, denote the solutions of (|4.18|) and (|4.19|) by v\ and v 2 , respectively. Then 
for every r G R and t > 0, the solution (u e ,v e ) of problem (|3,1|) - (|3.3|) with initial condition (uo,i>o) 
at t — t can be written as, for all £ > r — t, 

(u e (£, r - t, u ), u e (£, r - 1, wo)) = (u e (£, r - t, uq), r - t, 0)) + (0, uf (£, r - t, v )). (6.23) 

Take a sequence {t n }^ =1 such that t n > 1 and t n — ► 00. Then given r G R and (w e,T , v 6 ' 1 ") G «4. e (r), 
by the invariance of the random attractor, we find that there exists a sequence {(uq(t — t n ), Vq(t — 
tn))} G .A £ (t - t n ) such that 

(u e ' r ,^ T ) = ( u e (r,r-t n ,u £ (r-t n )),v e (T,T-t n ,v e (T-t n ))). (6.24) 

It follows from (l6T23ll - (l6T24l that 

(u*>t } v e ' T ) = (u 6 {t, t - t n , u £ {t - t n )), v\{t, t - t n , 0)) + (0, v\(t, t - t n , v%{t - t n ))) . (6.25) 

By Corollary 16.61 we have for all n > 1, 

\\u 6 (t,t - t n ,u € (r - t n ))\\ 2 Hl + \\v\(t,t- t n ,0)\\ 2 Hl 

< Ce-° T e°^) (\\ Uo (t - t n )\\ 2 + |Kt " *n)|| 2 ) + K, (6.26) 

where K is a positive constant depending on the data (u, A, 7), but not on e or r. Note that 
the first term on the right-hand side of (|6.26[) approaches zero as n — > 00, and hence there exists 
N = N(e, t) such that for all n> N, 

\\u e (r,T - t n ,u € (T - t n ))\\ 2 Hl + \\v £ 2 {t,t- t n ,0)\\ 2 m < 2K, (6.27) 

which implies that there is (u e ' T , v e,T ) G H l {R n ) x H 1 (R n ) such that, up to a subsequence, 

(u e (T,T - t n ,u e {T - t n )),v e 2 (T,T - t n ,0)) -> (u e ' T ,?) £ ' T ) weakly in tf^R 71 ) x H^R 71 ), (6.28) 
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as n -> oo. By (j6727|) - (f6T28|) we have 

\\(u e ' T ,v e ' T )\\H^ <limmf\\(u%T,T - t n ,ul(T - t n )),v e 2 (T,T - t n ,0))\\ mxH i <V2K. (6.29) 

n— *oo 

Since the weak convergence in i7 1 (IR n ) x ff 1 (IR n ) implies the weak convergence in L 2 (]R n ) x L 2 (M n ), 
by (grggp we have 

{u e {r,T - t n ,u e (T - t n )),v e 2 {T,T - t n ,0)) -> (u e ' T ,£ e ' r ) weakly in L 2 (R n ) x L 2 (M n ). (6.30) 
On the other hand, by (|4.20p we find that 

\\vl(T,r-t n ,v £ Q (T-t n ))\\ =e-^ T e^ T -^n(T-t n )\\ ->0. (6.31) 
Taking the weak limit of ([6T25]) in L 2 (M n ) x L 2 (R n ) as n -> oo, by ([630]) and ([631]) we obtain 

(u e ' T ,v e ' T ) = (u e ' T ,v e ' T ). (6.32) 
Then it follows from (|639j) and fT32l) that, for every e > 0, r G R and (u e > T ,v € ' T ) G -A e (r), 

||(« 6 ' T ,« e ' T )ll^x^< 

Note that If is independent of e and r, and thus the proof is completed. □ 
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